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We investigate dynamics of probe particles moving in the near-horizon limit of (2N + 1)-
dimensional extremal Myers-Perry black hole with arbitrary rotation parameters. We observe that
in the most general case with nonequal nonvanishing rotational parameters the system admits sep-
aration of variables in N-dimensional ellipsoidal coordinates. This allows us to find solution of
the corresponding Hamilton-Jacobi equation and write down the explicit expressions of Liouville
constants of motion.
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I. INTRODUCTION AND REVIEW
Analyzing causal curves, timelike or null geodesics, is the pivotal part of any black hole probe study. These geodesics
carry the information about black hole charges and their dynamics. In particular, for realistic Kerr-type black holes
geodesics probing the region close to the event horizon of black hole is an essential part of studying black hole
accretion disks or black hole mergers. Moreover, among the black holes in the sky there are very fast rotating black
holes which can be well approximated by an extremal Kerr geometry [1]. Focusing on the near horizon region, relevant
to the accretion disk dynamics, it has been argued that for the extremal black holes one can analytically solve the
associated plasma equations in the physically relevant limit of force-free electrodynamics where energy momentum of
the electromagnetic field dominates over that of the charged matter fields [2, 3].
Besides the direct observational motivations, extremal black holes and their geodesics have been of great interest
for more general class of black holes. In this work we will be focusing on the geodesics probing the near horizon region
of Extremal Myers-Perry (EMP) black holes [4], which are higher dimensional counterparts of extremal Kerr black
hole. In general geodesic equation is basically describing a d dimensional particle dynamics in certain potential. The
relevant question is then exploring integrability of this dynamical system.
Various aspects of extremal black holes, black hole which have vanishing surface gravity or have a degenerate
(non-bifurcate) horizon, have been studied. These black holes usually have the lowest possible mass for a given
set of angular momentum or other charges and have the remarkable property that at the near horizon there is an
enhancement of isometries. There are theorems that for stationary extremal black holes the U(1) isometry associated
with the horizon generating Killing vector field in the near horizon (NH) region enhances to a three dimensional group
(associated with three Killing vector fields) and that this NH isometry group is generically SO(2, 1) ≃ SL(2,R) [5–8].
Since SL(2,R) is the one dimensional conformal group, the particle dynamics on the near horizon extreme geometries
possesses dynamical conformal symmetry, i.e. defines “conformal mechanics”. This brings the hope of making general
statements on the integrability of the system of question, see e.g. see [9–13] and references therein.
The dynamical SL(2,R) invariance allows performing canonical transformation under which the Hamiltonian of the
system formally takes the non-relativistic form [10, 12]
H =
p2R
2
+
2I
R2
, (1)
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2where
R =
√
2K, pR =
2D√
2K
(2)
are the effective “radius” and its canonical conjugate “radial momentum”, and I = HK −D2 is the Casimir of the
SL(2,R) algebra whose generators H,D,K satisfy the relataions
{H,D} = H, {H,K} = 2D, {D,K} = K. (3)
The SL(2,R) Casimir I depends on the d − 1 “angle-like” variables and their conjugate momenta which commute
with “radial variables” R, pR. All specific properties of such systems are hence encoded in I which in turn may be
viewed as the Hamiltonian of another associated system. Such associated systems have been investigated from various
viewpoints where they were called “angular (or spherical) mechanics” , see [14] and refs therein.
Although the spherical mechanics related to nonrelativistic conformal models has been extensively studied, systems
originating from near horizon extremal black holes received less attention [10–13]. In particular, a special class of NH
geometry of d dimensional EMP black holes with SO(2, 1) × U([d−1
2
]) isometry group was considered in [11, 12]. It
was found that in the odd dimensions, d = 2N + 1, the angular mechanics part reduces to the (N − 1)- dimensional
singular spherical oscillator and established that it is superintegrable system, i.e. possesses maximal number, 2N − 3
of constants of motion [12]. For the even, d = 2N + 2 cases, it was shown that the angular mechanics is an N -
dimensional integrable system with 2N − 2 constants of motion, containing latter one as a subsystem. Thus, it loses
maximal superintegrability feature.
In this work we revisit the case of particle dynamics in the near horizon extremal Myers-Merry (NHEMP) black holes
in 2N+1 dimensions and consider the most general case where the isometry of the background is SL(2,R)×U(1)N and
explore the integrability of the system. As in the 5d NHEMP case, we do not expect the system to be superintegrable
[12]. The questions we will address in this work are
• Is its spherical mechanics part an integrable system, and if so does it admit separation of variables? Given that
the geodesics of general higher-dimensional black hole metrics admits separation of variables [15], we expect the
answer to this question to be positive.
• Are there special values of rotational parameters when the system gets additional constant(s) of motion?
The main results of our study are:
• We establish that the angular mechanics I in general admit separation of variables in N -dimensional ellipsoidal
coordinates and find the explicit expressions of its generating function and the Liouville constants of motion.
• Having the example of equal angular momentum parameters [12] in mind, one can argue that there exists specific
values of rotational parameters the system possesses higher order constants of motion and is superintegrable.
The paper is organized as follows. In Section 2 we represent the (2N + 1) dimensional NHEMP geometry [7] in
coordinates convenient for our study, and then reformulate the particle dynamics on it in the N -dimensional ellipsoidal
coordinates. In Section 3 we write down the conformal mechanics describing the motion of a probe particle in this
background and construct the associated “angular mechanics”. We show that the corresponding Hamilton-Jacobi
equation separates in the ellipsoidal coordinates and find its solution. Using this solution we construct the explicit
expressions of the Liouville constants of motion. The last section is devoted to concluding remarks. Some of the
technical details are gathered in two appendices.
II. NHEMP METRICS
Myers-Perry black holes [4] are d dimensional, asymptotic flat, Einstein vacuum solutions. For d = 2N + 1 case
these solutions come with N +1 parameters, N angular momentum/velocity parameters and a mass parameter and in
the extremal case the mass parameter is given in terms of the angular momentum parameters. The NHEMP metric
is given in the appendix A and in the appropriate parametrization takes the form
ds2
r2H
= A(x)
(
−r2dτ2 + dr
2
r2
)
+
N∑
i=1
dxidxi +
N∑
i,j=1
γ˜ijxixjDϕ
iDϕj , Dϕi ≡ dϕi + kirdτ (4)
3where rH is the horizon radius of the original black hole,
A(x) =
∑N
i=1 x
2
i /m
2
i
1 + 4
∑
i<j(mimj)
−1
, (5a)
γ˜ij =δij +
1∑
l x
2
l /m
2
l
√
mi − 1xi
mi
√
mj − 1xj
mj
, (5b)
ki = 2
√
mi − 1/m2i
1 + 4
∑
l<n(mlmn)
−1
, (5c)
while mi ≥ 1 and 0 < xi ≤ √mi, and obey the conditions1
N∑
i=1
x2i
mi
= 1,
N∑
i=1
1
m i
= 1. (6)
That is, xi can be interpreted as an ambient Cartesian coordinates of the (N − 1)-dimensional ellipsoid with √mi
semiaxes. In this paper we focus on generic EMP case where neither of mi are equal to one. Without loss of generality
we can choose 1 < mN ≤ mN−1 ≤ mN−2 ≤ . . . ≤ m1, leading to mN ≤ N ≤ m1.
The relation of these coordinates and parameters with conventional latitudinal coordinates and rotational parameters
of black hole are presented in the Appendix A. When the rotational parameters coincide, mi = N , the Hamiltonian of
probe particle reduces to the system on sphere and admits separation of variables in spherical coordinates [12]. Noting
the metric (4) and (6), it seems plausible that in the N -dimensional ellipsoidal coordinates the respective dynamics
admits separation of variables. We will show below that this is indeed the case.
To this end, let us first assume that mi’s generic, neither of them are equal, and introduce the coordinates λi
x2i = (mi − λi)
N∏
j=1,j 6=i
mi − λj
mi −mj , (7)
where λN < mN < . . . < λ2 < m2 < λ1 < m1. In these coordinates
N∑
i=1
dx2i =
N∑
i=1
h2i (λ)dλ
2
i , where h
2
i =
∏N
j=1,j 6=i(λj − λi)
4
∏N
j=1(mj − λi)
. (8)
The key to separation of variables is the interesting identity,
N∑
i=1
x2i
m2i
=
(
N∏
i=1
λi
mi
)(
N∑
i=1
1
λi
− 1
)
, (9)
and that the constraint (6) can be solved through λN = 0. To work out the above we have used identities in the
Appendix B. This restricts N -dimensional Euclidean metrics (8) to the metrics on (N − 1)-dimensional ellipsoid2
habdλadλb = −
N−1∑
a=1
∏N−1
b=1,a 6=b(λb − λa)λadλ2a
4
∏N
i=1(mi − λa)
, (10)
and hence
A =
m−1N
1 + 4
∑
i<j(mimj)
−1
(
N−1∏
a=1
λa
ma
)
. (11)
With these expressions at hand we are ready to consider the particle dynamics in the given background (4).
1 Note that NHEMP is an Einstein vacuum solution and hence rH is not determined by the Einstein equations of motion. This solution,
besides rH , has hence N − 1 independent parameters.
2 As is implicit, in our notation a, b indices run over 1, · · · , N − 1 and i, j over 1, · · · , N .
4III. CONFORMAL MECHANICS
In the above notation the mass-shell equation for a particle of mass m0 moving in the background metrics (4) reads
m20 =
2N+1∑
A,B=1
gABpApB ⇔ m20r2H +
N−1∑
a,b,d=1
habpiapib +
N∑
i,j=2
γ˜ij
pi
xi
pj
xj
=
1
A
(p0
r
−
∑
i
kipi
)2
− (rpr)2
 (12)
where hab is the inverse metrics to (10),
γ˜ij = δij − xi
√
mi − 1
mi
xj
√
mj − 1
mj
, (13)
and pia are conjugate momenta to λa with the canonical Poisson brackets
{pia, λb} = δab, {pi, ϕj} = δij , {pr, r} = 1. (14)
From the expression (12) we get the explicit form of Hamiltonian
H = p0 = r
(√
L(pia, xa, pi) + (rpr)2 +
∑
i
kipi
)
, (15)
where
L = A
 N−1∑
a,b,d=1
habpiapib +
N∑
i,j=2
γ˜ij
pi
xi
pj
xj
+m20r
2
H
 , (16)
and consequently, recalling analysis of [10, 11, 13], we obtain the expressions for the generators of conformal boost K
and of the dilatation D which obey the algebra (3),
D = rpr, K =
1
r
(√
(rpr)
2
+ L(xa, pia, pi)−
∑
i
kipi
)
. (17)
Hence, the Hamiltonian (15) can be represented in formally nonrelativistic form (1).3
The Casimir element of conformal algebra then reads
I = HK −D2 = L−
(∑
i
kipi
)2
= A
[∑
a
habpiapib +
∑
i
p2i
x2i
+ g0
]
− I0, (18)
where A is given in (11), x2i are given by (7) with λN = 0, and
g0 = −
(
N∑
i=1
√
mi − 1pi
mi
)2
+m20r
2
H , I0 = 4
(∑
kipi
)2
. (19)
The above provides an explicit representation of our system in the “non-relativistic form” (1). As we see the Casimir I
(18) is at most quadratic in momenta canonically conjugate to the remaining angular variables and it can conveniently
be viewed as the Hamiltonian of a reduced “angular/spherical mechanics” describing motion of particle on some curved
background. Since the azimuthal angular variables ϕi are cyclic, corresponding conjugate momenta pi are constants
of motion. We then remain with a reduced N − 1 dimensional system described by Hamiltonian (18) and λa variables
and their conjugate momenta. The reduced Hamiltonian with (19) and pi as (coupling) constants is
I˜ = λ1 . . . λN−1
[
−
∑
a
4
∏N
i=1(mi − λa)pi2a
λa
∏N−1
b=1,a 6=b(λb − λa)
+
N∑
i=1
g2i∏N−1
a=1 (mi − λa)
+ g0
]
, (20)
3 Note that the radial variables (R, pR) (2) do not commute (with respect to the Poisson brackets (14)) with pµ = (pia, pi), qµ = (λa, ϕ
i).
In order to split them, one can perform a canonical transformation (r, pr, pµ, qµ) → (R, pR, q˜
µ, p˜µ), which is defined by (2) and by an
appropriate transformation of the remaining variables [10, 12].
5where we introduce further notation
g2i =
p2i
mi
N∏
j=1,j 6=i
(mi −mj), I˜ ≡ I+ I0
CN
, CN =
A
λ1 . . . λN−1
=
1(
1 + 4
∑
i<j(mimj)
−1
)
m1 . . .mN
. (21)
Using the identities in the Appendix B, we can rewrite the Hamiltonian expression (20) in an implicit form:
N−1∑
a=1
Ra − I˜λ−1a∏N−1
b=1,a 6=b(λb − λa)
= 0, (22)
where
Ra ≡ R(λa, pia) = −4
N∏
i=1
(mi − λa)pi
2
a
λa
+ (−1)N
N∑
i=1
g2i
mi − λa + g0(−λa)
N−2. (23)
Equipped with the above, we can solve the Hamilton-Jacobi equation
I˜(λa, ∂Sgen/∂λa) = E
and obtain the generating function Sgen depending on N − 1 integration constants. To this end, noting (23), one can
show that
Sgen(λ1, . . . , λN−1) =
N−1∑
a=1
S(λa). (24)
Using the identity (B4), the solution of (22) which depends on E and N − 2 integration constants να is given through
R
(
λa,
dS(λa)
dλa
)
− E
λa
−
N−2∑
α=1
ναλ
α−1
a = 0, (25)
or in an explicit form,
− 4
(
dS(λa)
dλa
)2 N∏
i=1
(mi − λa) + (−1)N
N∑
i=1
g2i λa
mi − λa + g0(−λa)
N−1 − E−
N−2∑
α=1
ναλ
α
a = 0. (26)
Hence, the analytic solution to the Hamilton-Jacobi equation is given through the generating function (24) with
S(λ, να,E) =
1
2
∫
dλ√∏N
i=1 (mi − λ)
√√√√(−1)N [ N∑
i=1
g2imi
mi − λ + g0λ
N−1 −
N∑
i=1
g2i
]
−
N−2∑
α=1
ναλα − E . (27)
From (25) we can get the analytic expressions of the commuting constants of motion. For this purpose, we represent
it in a more compact form as
N−2∑
α=0
ναλ
α
a = λaRa(pia, λ), where ν0 = E. (28)
which may be rewritten in terms of the Vandermonde matrix W ,
1 λ1 λ
2
1 · · · λN−21
1 λ2 λ
2
2 · · · λN−22
...
...
...
. . .
...
1 λN−1 λ
2
N−1 · · · λN−2N−1


ν0
ν1
...
νN−2
 =

λ1R1
λ2R2
...
λN−1RN−1.
 . (29)
The solution may then be expressed via the inverse Vandermonde matrix W−1, which exists for distinct set of λa,
(λa 6= λb if a 6= b). Then using these equations, we can find the expressions of να via momenta and coordinates,
which defines the Liouville constants of motion. Hence, we proved the integrability of the integrability of the system
6under consideration. Notice, that the partial Hamilton-Jacobi equation (26) corresponds to those of N -dimensional
oscillator. The same is true for its quantum counterpart, Schro¨dinger equation. Hence, one can expect that the system
of question is not only integrable, but also exactly solvable.
Let us conclude this section by the few words about hidden symmetries and superintegrability. While the generic
system is clearly not superintegrable, for the specific values of rotational parameters mi one may get some additional
constants of motion. There are indications of the existence of hidden symmetries in the action-angle variable for-
mulation of the system. For example, if the dependence of the Hamiltonian on two action variables I1, I2 is of the
form I = I(k1I1 + k2I2, . . .), where k1,2 are integers (or rational numbers), the function cos(k1Φ2 − k2Φ1) (where Φ1,2
are conjugate angle variables) defines a constant of motion additional to the Liouville one, see [12] and refs therein.
Having the generating function (27) at hands, we can get the expressions for action variables and through them, the
expression of the Hamiltonian in terms of elliptic functions. This analysis, besides its technical difficulty, is of its own
interest and we postpone it to a separate study.
IV. DISCUSSION
We showed that the particle dynamics on a generic 2N+1 dimensional NHEMP black hole geometry is integrable by
explicitly constructing the generating function (27), extending the results of [12] for the NHEMP with equal angular
momentum parameters (which in our conventions are denoted by mi), to the most general case. Our results establish
that the integrability is not a result of the U(N) symmetry of the latter case, which is broken to U(1)N in the general
case. Although in our computations we assumed non-equal mi cases, one can show that our results recovers the special
cases where some of the mi are equal. To see the latter, one can study the mi −mj → 0 limit for two given i, j.
One interesting special case is mN = 1. In this case, as (A6) implies mi = ∞, i 6= N and that rH = 0. This case
hence corresponds to the Extremal Vanishing Horizon (EVH) family [16, 17] where the near horizon geometry has a
(locally) AdS3 part with SO(2, 2) isometry. The integrability of course persists in this case too. As another related
case one may explore whether the integrability continues over the even dimensional MP black holes.
The techniques we developed in this paper can be used for tackling other problems. Here we mention a few:
• Although the SL(2,R) isometry appearing in the NH region of extreme black holes was crucially used in our
setup, it is plausible that our technical tools are useful in studying causal curves and geodesics around generic
(non-extreme) black holes, especially in the near horizon region.
• One can use the explicit solutions of the Hamilton-Jacobi equations for analyzing Schro¨dinger equation and/or
equation of motion of other fields on these backgrounds, before or after taking the NH limit (see [15] for a related
study). This latter among other things, would be useful for establishing whether the physics of NH is decoupled
from the rest of space. Moreover, it is a crucial step toward carrying out quantization of such systems and a
systematic study of the quasinormal modes.
• The information about the NH background geometry and in particular its conserved charges, as we see from
our explicit solution (27), is encoded in the geodesics we constructed. On the other hand, vacuum Einstein
equations in higher dimensions allows for solutions with various horizon topologies, e.g. black rings in five or
higher dimensions [18]. It is desirable to explore if the information about horizon topology can also be extracted
from our solution.
• Besides the MP black holes, vacuum Einstein equations admit black hole solutions with U(1)d−3 axial isometry.
This class of solutions coincide with Kerr and MP black holes respectively in four and five dimensions. The
NH geometry of extremal black holes in this class will have SL(2,R)× U(1)d−3 isometry and different aspects
of them has been discussed e.g. in [8, 19, 20]. Based on the experience with generic NHEMP, we expect the
conformal mechanics on the NH geometry of these black holes to be integrable. It is interesting to explore this
explicitly.
Finally it would be interesting to explore the relevance and significance of our results for the Kerr/CFT proposal [21]
and for the question of hidden symmetries [22].
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Appendix A: Near-horizon Myers-Perry solution
Near-Horizon limit for MP geometries in odd dimensions is given by the metrics [7]
ds2 =
FH
b
(
−r2dτ2 + dr
2
r2
)
+ (r2H + a
2
i )dµidµi + γijDϕ
iDϕj , , i, j = 1, · · · , N, (A1)
with the following notation:
FH =
∑
i
r2H
r2H + a
2
i
µ2i , γij = (r
2
H + a
2
i )µ
2
i δij +
1
FH
aiajµ
2
iµ
2
j , Dϕ
i ≡ dϕi + kirdτ (A2)
where the constant parameters are defined by the expressions
b =
1
r2H
1 + 4∑
i>j
r2H
r2H + a
2
i
r2H
r2H + a
2
j
 , ki = 2rH
b
ai
(r2H + a
2
i )
2
. (A3)
Here µi are latitude coordinates
N∑
i=1
µ2i = 1, (A4)
ai are rotational parameters and rH is the horizon radius of the black hole defined by the maximal value of the solution
of equation ∑
i
r2H
r2H + a
2
i
= 1. (A5)
The above suggests it is convenient to define mi parameters
mi =
r2H + a
2
i
r2H
≥ 1,
N∑
i=1
1
m i
= 1. (A6)
The N independent parameters specifying the system aremi, rH (note thatmi provide N−1 independent parameters).
We rescale the latitude coordinates µi introducing the Cartesian coordinate xi =
√
miµi, so that the constraint (A4)
the near-horizon metrics (A1) takea form (6) and (4) respectively.
Appendix B: Useful Identities
To work through equations in section III, we have used the following identities. Let us consider the set of real
numbers λa where none of them are equal. Recalling the (N − 1)th order Lagrange polynomials la(κ),
la(λb) = δab, la(κ) =
∏
1≤b≤N−1
b6=a
κ− λb
λa − λb , (B1)
one can prove that for any real constant κ
1∏N−1
a=1 (λa − κ)
=
N−1∑
a=1
1∏N−1
b=1;a 6=b(λb − λa)
1
λa − κ. (B2)
8For κ = 0 we get
1
λ1 . . . λN−1
=
N−1∑
a=1
1∏N−1
b=1;b6=a(λb − λa)
1
λa
. (B3)
Noting that the LHS of (B2) is a function with simple roots at κ = λa, (B2) may also be verified using contour
integrals over complex κ-plane. Moreover, one can prove
N∑
i=1
λβi∏N
j=1;i6=j(λi − λj)
= δβ,N−1 for 1 ≤ β ≤ N − 1. (B4)
[1] J. E. McClintock, R. Shafee, R. Narayan, R. A. Remillard, S. W. Davis and L. X. Li, “The Spin of the Near-Extreme Kerr
Black Hole GRS 1915+105,” Astrophys. J. 652, 518 (2006) [astro-ph/0606076].
[2] D. A. Uzdensky, “Force-free magnetosphere of an accretion disk - Black hole system. 2. Kerr geometry,” Astrophys. J. 620,
889 (2005) [astro-ph/0410715].
G. Menon and C. Dermer, “Timelike Geodesic Currents in the Stationary, Axisymmetric, Force-free Magnetosphere of a
Kerr Black Hole,” Phys. Rev. D 79, 123005 (2009) [arXiv:0811.1962 [gr-qc]].
[3] T. D. Brennan, S. E. Gralla and T. Jacobson, “Exact Solutions to Force-Free Electrodynamics in Black Hole Backgrounds,”
Class. Quant. Grav. 30, 195012 (2013) [arXiv:1305.6890 [gr-qc]].
A. Lupsasca, M. J. Rodriguez and A. Strominger, “Force-Free Electrodynamics around Extreme Kerr Black Holes,” JHEP
1412, 185 (2014) [arXiv:1406.4133 [hep-th]].
G. Compre, S. E. Gralla and A. Lupsasca, “Force-Free Foliations,” Phys. Rev. D 94, no. 12, 124012 (2016)
[arXiv:1606.06727 [math-ph]].
[4] R. C. Myers and M. J. Perry, “Black Holes in Higher Dimensional Space-Times,” Annals Phys. 172 (1986) 304.
R. C. Myers, “Myers-Perry black holes,” arXiv:1111.1903 [gr-qc].
[5] J. M. Bardeen and G. T. Horowitz, “The Extreme Kerr throat geometry: A Vacuum analog of AdS2 × S
2,” Phys. Rev. D
60 (1999) 104030 [hep-th/9905099].
[6] H. K. Kunduri, J. Lucietti and H. S. Reall, “Near-horizon symmetries of extremal black holes,” Class. Quant. Grav. 24,
4169 (2007) [arXiv:0705.4214 [hep-th]].
H. K. Kunduri and J. Lucietti, “A Classification of near-horizon geometries of extremal vacuum black holes,” J. Math.
Phys. 50, 082502 (2009) [arXiv:0806.2051 [hep-th]].
[7] P. Figueras, H. K. Kunduri, J. Lucietti and M. Rangamani, “Extremal vacuum black holes in higher dimensions,” Phys.
Rev. D 78 (2008) 044042 [arXiv:0803.2998 [hep-th]].
[8] H. K. Kunduri and J. Lucietti, “Classification of near-horizon geometries of extremal black holes,” Living Rev. Rel. 16, 8
(2013) [arXiv:1306.2517 [hep-th]].
[9] P. Claus, M. Derix, R. Kallosh, J. Kumar, P. K. Townsend and A. Van Proeyen, “Black holes and superconformal mechan-
ics,” Phys. Rev. Lett. 81 (1998) 4553 [hep-th/9804177].
J. A. de Azcarraga, J. M. Izquierdo, J. C. Perez Bueno and P. K. Townsend, “Superconformal mechanics and nonlinear
realizations,” Phys. Rev. D 59 (1999) 084015 [hep-th/9810230].
S. Cacciatori, D. Klemm and D. Zanon, “W∞ algebras, conformal mechanics, and black holes,” Class. Quant. Grav. 17
(2000) 1731 [hep-th/9910065].
S. Bellucci, A. Galajinsky, E. Ivanov and S. Krivonos, “AdS2/CFT1, canonical transformations and superconformal me-
chanics,” Phys. Lett. B 555 (2003) 99 [hep-th/0212204].
A. Anabalon, J. Gomis, K. Kamimura and J. Zanelli, “N=4 superconformal mechanics as a non linear realization,” JHEP
0610 (2006) 068 [hep-th/0607124].
[10] A. Galajinsky and A. Nersessian, “Conformal mechanics inspired by extremal black holes in d=4,” JHEP 1111, 135 (2011)
[arXiv:1108.3394 [hep-th]].
[11] A. Galajinsky, “Near horizon black holes in diverse dimensions and integrable models,” Phys. Rev. D 87, no. 2, 024023
(2013) [arXiv:1209.5034 [hep-th]].
[12] A. Galajinsky, A. Nersessian and A. Saghatelian, “Superintegrable models related to near horizon extremal Myers-Perry
black hole in arbitrary dimension,” JHEP 1306, 002 (2013) [arXiv:1303.4901 [hep-th]]; “Action-angle variables for spherical
mechanics related to near horizon extremal MyersPerry black hole,” J. Phys. Conf. Ser. 474, 012019 (2013).
[13] A. Galajinsky, “Particle dynamics on AdS2 × S
2 background with two-form flux,” Phys. Rev. D 78 (2008) 044014
[arXiv:0806.1629 [hep-th]]; “Particle dynamics near extreme Kerr throat and supersymmetry,” JHEP 1011, 126 (2010)
[arXiv:1009.2341 [hep-th]].
A. Galajinsky and K. Orekhov, “N=2 superparticle near horizon of extreme Kerr-Newman-AdS-dS black hole,” Nucl. Phys.
B 850, 339 (2011) [arXiv:1103.1047 [hep-th]].
S. Bellucci, A. Nersessian and V. Yeghikyan, “Action-Angle Variables for the Particle Near Extreme Kerr Throat,” Mod.
Phys. Lett. A 27 (2012) 1250191, [arXiv:1112.4713[hep-th]].
9A. Saghatelian, “Near-horizon dynamics of particle in extreme Reissner-Nordstro¨m and Clement-Gal’tsov black hole back-
grounds: action-angle variables,” Class. Quant. Grav. 29 (2012) 245018, [arXiv:1205.6270[hep-th]].
A. Galajinsky and K. Orekhov, “On the near horizon rotating black hole geometries with NUT charges,” Eur. Phys. J. C
76, no. 9, 477 (2016) [arXiv:1604.08056 [gr-qc]].
[14] T. Hakobyan, A. Nersessian and V. Yeghikyan, “Cuboctahedric Higgs oscillator from the Calogero model,” J. Phys. A 42
(2009) 205206 [arXiv:0808.0430 [math-ph]].
T. Hakobyan, S. Krivonos, O. Lechtenfeld and A. Nersessian, “Hidden symmetries of integrable conformal mechanical
systems,” Phys. Lett. A 374 (2010) 801 [arXiv:0908.3290 [hep-th]].
T. Hakobyan, O. Lechtenfeld and A. Nersessian, “The spherical sector of the Calogero model as a reduced matrix model,”
Nucl. Phys. B 858 (2012) 250 [arXiv:1110.5352 [hep-th]].
M. Feigin, O. Lechtenfeld and A. P. Polychronakos, “The quantum angular Calogero-Moser model,” JHEP 1307 (2013)
162 [arXiv:1305.5841 [math-ph]].
M. Feigin and T. Hakobyan, “On Dunkl angular momenta algebra,” JHEP 1511 (2015) 107 [arXiv:1409.2480 [math-ph]].
F. Correa and O. Lechtenfeld, “The tetrahexahedric angular Calogero model,” JHEP 1510 (2015) 191
[arXiv:1508.04925 [hep-th]].
[15] D. N. Page, D. Kubiznak, M. Vasudevan and P. Krtous, “Complete integrability of geodesic motion in general Kerr-NUT-
AdS spacetimes,” Phys. Rev. Lett. 98 (2007) 061102 [hep-th/0611083].
V. P. Frolov, P. Krtous and D. Kubiznak, “Separability of Hamilton-Jacobi and Klein-Gordon Equations in General Kerr-
NUT-AdS Spacetimes,” JHEP 0702 (2007) 005 [hep-th/0611245].
P. Krtous, D. Kubiznak, D. N. Page and M. Vasudevan, “Constants of geodesic motion in higher-dimensional black-hole
spacetimes,” Phys. Rev. D 76 (2007) 084034 [arXiv:0707.0001 [hep-th]].
[16] J. de Boer, M. Johnstone, M. M. Sheikh-Jabbari and J. Simon, “Emergent IR Dual 2d CFTs in Charged AdS5 Black
Holes,” Phys. Rev. D 85, 084039 (2012) [arXiv:1112.4664 [hep-th]].
H. Golchin, M. M. Sheikh-Jabbari and A. Ghodsi, “Dual 2d CFT Identification of Extremal Black Rings from Holes,”
JHEP 1310, 194 (2013) [arXiv:1308.1478 [hep-th]].
[17] M. M. Sheikh-Jabbari and H. Yavartanoo, “EVH Black Holes, AdS3 Throats and EVH/CFT Proposal,” JHEP 1110, 013
(2011) [arXiv:1107.5705 [hep-th]].
S. Sadeghian, M. M. Sheikh-Jabbari, M. H. Vahidinia and H. Yavartanoo, “Three Theorems on Near Horizon Extremal
Vanishing Horizon Geometries,” Phys. Lett. B 753, 488 (2016) [arXiv:1512.06186 [hep-th]].
[18] R. Emparan and H. S. Reall, “A Rotating black ring solution in five-dimensions,” Phys. Rev. Lett. 88, 101101 (2002)
[hep-th/0110260]; “Black Holes in Higher Dimensions,” Living Rev. Rel. 11, 6 (2008) [arXiv:0801.3471 [hep-th]].
A. A. Pomeransky and R. A. Sen’kov, “Black ring with two angular momenta,” hep-th/0612005.
[19] S. Hollands and A. Ishibashi, “All vacuum near horizon geometries in arbitrary dimensions,” Annales Henri Poincare 10,
1537 (2010) [arXiv:0909.3462 [gr-qc]]; “Black hole uniqueness theorems in higher dimensional spacetimes,” Class. Quant.
Grav. 29, 163001 (2012) [arXiv:1206.1164 [gr-qc]].
[20] G. Compre, K. Hajian, A. Seraj and M. M. Sheikh-Jabbari, “Wiggling Throat of Extremal Black Holes,” JHEP 1510, 093
(2015) [arXiv:1506.07181 [hep-th]].
M. Johnstone, M. M. Sheikh-Jabbari, J. Simon and H. Yavartanoo, “Extremal black holes and the first law of thermody-
namics,” Phys. Rev. D 88, no. 10, 101503 (2013) [arXiv:1305.3157 [hep-th]].
[21] M. Guica, T. Hartman, W. Song and A. Strominger, “The Kerr/CFT Correspondence,” Phys. Rev. D 80, 124008 (2009)
[arXiv:0809.4266 [hep-th]].
G. Compere, “The Kerr/CFT correspondence and its extensions: a comprehensive review,” Living Rev. Rel. 15, 11 (2012)
[arXiv:1203.3561 [hep-th]].
[22] A. Castro, A. Maloney and A. Strominger, “Hidden Conformal Symmetry of the Kerr Black Hole,” Phys. Rev. D 82,
024008 (2010) [arXiv:1004.0996 [hep-th]].
